B'QB is such that A'CZR-1^'],
there is some B"QB' /or which both B"EP and A'QR-^B"].
The proof of (P) is due to Menger (Theorem II2 of [2] , but misstated there) who uses the well-ordering principle and transfinite induction. Thus we have
(1) The axiom of choice implies (P). The conditions on a are satisfied if a is the power set of A, in which case there is no A"Ea, and (P) yields (Q) I/A'QA, B'QB, and A'QR-^B'], then there is some B"QB' /or which A'QR-1^"] and B" E$ (where fi contains a subset o/ B provided there is a refinement o/ R which establishes a one-to-one correspondence between that subset and some subset o/ A).
We have, therefore, that (2) (P) implies (Q). 1. Clearly fi satisfies the condition of (Q), A'CR-1 [B'j, and so (Q) yields a set B" such that A'QR-1 [B"] -i.e., B" contains at least one element from each set in the disjoint family A' -and B"EP -i.e., B" contains no more than one element from each set in A'.
From (1) and (2) one obtains
Corollary. (a) The axiom of choice is equivalent to (P). (b) The axiom of choice is equivalent to (Q). (c) (P) is equivalent to (Q).
Originally, (P) was formulated as an abstract version of the topological covering theorem for separable spaces (if there is a condensation point in each uncountable subset, then every open covering of any subspace contains a countable subcovering).
Similarly, in [3] Mickle and Rado have formulated an abstract version of the measuretheoretic covering theorems of Vitali type. They show that their theorem is equivalent to the axiom of choice. By the above results, therefore, the axiom of choice provides an abstract version for both sorts of covering theorems.
